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ESTIMATIONOFTHEFORCESANDMOMENTSACTING

ON INCLINEDBODIESOFREVOLUTION

OFHIGHFININESSRATIO

By’H. JulianAllen

SUMMARY

Thisreportcontainsa discussionoftheaerodynamicforcesand
momentson inclinedbodiesofrevolution.It isknownthata simple
potentialflowsolutionforsuchbodiesdoesnotgiveresultsingood
agreementwithexperiment.An approximatetheorytoallowfortheeffects
ofviscosityforsuchbodiesisdevelopedandapplied.It is shownt~t
a simpleallowanceforviscouseffectsyieldsresultsinreasonableagree—
mentwithexperimentforbodiesofhighfinenessratiosuchaswouldbe
usedonmissilesendsupersonicaircraft.Themethodsdevelopedare
applicableatbothsubsonicandsupersonicspeeds.Somediscussionof
theprobableeffectsofReynoldsnumberand
momentson inclinedbodiesofrevolutionis

INTRODUCTION

~owledgeoftheforcesandmomentson

.-—

.
;

Machnumberontheforcesand
included.

bodiesofrevolutionhaslonE
beenof interestinaeronauticalengineering.Theoriginalinterestper:
tainedto thecharacteristicsofairshiphulls,ad oneofthefirstlogi-
calattemptsat understandingthenatureoftheflowfieldoftheserela—
tivelylongclosedbodieswasmadeby MaxMunk(reference1). Munkdemon-
stratedthaton suchclosedbodiesat a constantangleofpitchinstraight
flightandina nonviscousfluidtmre occurredelementalforcesalongthe
hullresultingfromchangesinthedownwardmomentumofthefluid.Over
theforwardportionsofthehullshowninfigure1 thedownwardmomentum
ofthefluidmustincreaseproceedingdownstreambecausetheapparentmass
ofthecomponentflownormalto theaxisofrevolutionincreasesdueto the
enlargingcrosssectionsofthehull. Overthisportionofthehullthe
reactionisupwardlydirectedforpositiveanglesofattack.Forbodies
withparallelmidsection,representativeoftheolderairships,no cross
forceexistsovertheseelementsofthehullsincethereoccursno change
inmomentumofthefluidas theairprogressesalongthesesectionsof
constantarea. At thesternthecontractingcrosssectionsrequirea
removalofmomentumfromtheairstresmand

,.,

hencedownwardlydirected
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elementalforcesexistalongthehullforpositivehullanglesofattack.
It isshowninMunktsworkthatforbodiesofhighfinenessratiothe
potentialcrossforceperunitlengthfp atanystationalongthehull
isgivenby

fp= (k2-“kl)q ~ sin2U (1)

where S isthecross+ectionalareaofthehull,x isthedistancealong
thehullfromthebow,a istheangleofattack,land ka and k= are,
respectively,thetransverseandlongitudinQapparentmasscoefficients
forthebody. Thevariationof k=- kl as a functionoffinenessratio
isgiveninfigure2,Thiscrossforceat smallangleso~attackcanbe
shownfromtheworkofG.N.Ward,reference2, tobe directed’midway
betweenthenormaltotheaxisofrevolutionofthehullandthenormalto
thedirectionof’motionofthehull(i.e.,atanangle a/2). .

It isevidentthatfora closedbody,smchasanairshiphull,at
‘apositiveangleofattacktheupwardlydirectedforcesovertheforward
portionmustbe equalto thedownwardlydirectedforcesovertherea so
thata pitchingmomentbutno liftordragresults.In figures3 andk
are showna comparisonof calculatedsmdexperimentallydeterminedlift
andpitchingmomentsasa functionofangleofattackforthehullsof
theAmericanairshipZR~ (U.S.S.Akron)(fromreference3)andthe
BritishairshipR-32(fromreference4). It is seenthat,contrsryto
thepredictionoftheory,a significantliftforceexistsatangleof’
attack.Thepitchingmomentisreasonablywellgivenby thetheory,
althoughtheactualmagnitudeofthepitchingmomentisless,ingeneral,
thanthepredicted.

UpsonandKlikoff(reference~)havecomparedthecalculatedand
observedcrossforcesforseveralhullshapes,oneofwhichisshownin
figure~. Thediscrepancyat thebowhasbeenshownbyUpsonandKlikoff
tobe duetothebluffnessof..thebody. A discrepancyalsoexistsbetween
calculatedandexperimentalcharacteristicsovertheremainderofthe
hull,theactualcrossforceovertherearwardsurfacesalwaysbeingmore
positiveforpositivepitchthanthepotentialtheorypredicts.Ithas
longbeenrecognizedthatthisdiscrepancyresultsfromtheinfluenceof
viscosityofthefluid.

In recentyearsthedeterminationof thecrossforcesonbodiesof
revolutionhasagainbecomeoffirstimportancetothedesignersofsuper-
sonicaircraftandmissiles.Thesebodiesingeneraldifferfromtheusual
airshiphullsintwoimportantaspects:First,thebodiesareofhigher
finenessratio,and,second,thebodieshavea bluntsternor “base.”

%hroughoutthisreportcross–forcecharacteristicsareconsideredin
termso~-theangleofpitch.It isclearthatfora bodyofrevolu- .
tiontheargumentspresentedapplyequallywelltoanglesofyawor
anycombinationsofpitchandyaw.
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It hasbeenpointedoutby Tsien(reference6) thattheolderairship
theoriesforthepotentialcrossforcearestillapplicableto such ,
bodieseveninsupersonicflowforslenderbodiesat smallanglesof
attack.Forsuchunclosedbodiestheairshiptheorywouldpredict,in
additiontoa pitchingmoment,a liftanddrag,butit isagaintobe
expectedthatthefailureto considereffectsofviscositywillleadto
importantdiscrepanciesbetweenthesecalculatedcharacteristicsandexperi-
mentalones.

It isthe
theeffectsof

a
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purposeofthispaperto presentan approximateanalysisof
viscosityonbodiesofhighfinenessratio.

SYMBOIS

speedofsound,feetpersecond

characteristicreferenceareaof
cientdefinition,squarefeet

plan-formarea,squarefeet

sectiondragcoefficientof
in

body

body
Xm

body

body

bodyforforce

a circul.aicylinder
termsof itsdiameter

liftcoefficient

momentcoefficientaboutan arbitraryaxis
fromthebow

dragcoefficient

dragcoefficient

increaseinbodydrag
attack

bodydrag,pounds

at zeroangleofattack

coefficientabovethatat

andmomentcoeffi-

perunitlength

at distance

zero singleof

bodydragat zeroamgleofattack,pounds

crossforceperunitlengthalongthebody,poundsperfoot

potentialcrossforceperunitlengthalongthebody,poundsper
foot

viscouscrossforceperunitlengthalongthebody,pound$per
foot
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viscouscrossforceperunit~eng%halongthebodyofinfinite
length,poundsperfoot

longitudinalapparentmasscoefficient

transverseapparentmasscoefficient

actualbodylength,feet

equivalentlengthofa bluntbasedbody,feet

lift,pounds

momentaboutanarbitraryaxisat distancexm fromthebow,
foo%pounds

free-streamMachnumber

crossMachnumber(i.e.,componentMachnumberoftheflownormal
totheaxisofrevolutionofthebody)

free+treemdynamicpressure,poundspersquarefoot

radiusofthebodyatanystationx fromthebow,feet

maximumbodyradius,feet

free+treamReynoldsnumber

crossReynoldsnumber(i.e.,Reynoldsnumberbasedonthecross
velocity)

cross+ectionalareaofthebodyatanystationx fromthehow,
squarefeet

—

---

.

.

“

—

.==

.

cross+ectionalareaofthebaseofthebody,squarefeet

free-streamvelocity,feetpersecond

crossvelocity(i.e.,componentoftheflowvelocitynormalto the
axis of revolution),feetpersecorid —

-. -.
.—

._

totalvolumeofthebody,cubicfeet .

longitudinaldistancefromthebow,feet
—

.
distanceofthecentroidofthepkui-formareafromthebow,feet

stationoftheaxisofmoments,feet

referencelengthusedi,~,’,di:jinnj;on
.t.-

*

ofmomentcoefficient,feet-
..._ -. #.z-.-

-:



.

.

.

NACARM A9126

a angleofattack,degreesorradiansas indicated

7 ratioofthedragcoefficientofa circularcylinderoffinite
lengthto thatfora cylinderofinfinitelength

v free-streamkinematicviscosity,feetsquaredpersecond “

P massdensity,slugspercubicfoot

Inreference7,R.
reference8, considered

THEORY

T. Jones,followingearlier
theeffectsofviscosityon

itelylong~wed cylindersanddemonstratedtha~in

workofL.Prandtlin
theflowoverinfin–
thecaseofa laminar

flowtheviscouseffectsmaybe consideredby treatizigtheflowacross
thecylinderaxisindependentlyoftheflowalongthecylinder.Forcir–
cularcylindersof infinitelengththeviscousforcealongthecylinder
is simplythatdueto surfaceshear.Thecomponentflowacrossthecylin–
der,however,introduceslargecrossforcesdueto separationof theflow.
Joneshasshownthatthecrossforceona yawedcylinderisaccurately
determinedhy consideringthecrosscomponentofdragasmaybe seenin
figure6 takenfromreference7. Althoughthedemonstrationofreference
7 appliesto laminarflows,itwillbe assumedtobe applicabletoturbu–
lentflowsaswell.

Consider,now,a bodyofrevolutionofhighfinenessratio.It is
againtobe expectedthatthecross—forcecharacteristicscouldbe approxi—
matelypredictedby treatingeachcircularcrosssectionas an elementof
an infinitelylongcircularcylinderofthesamecross-sectionalarea.
lWiththisassumptionthelocalcrossforceperunitlengthdueto viscosity
fv= wouldbe givenby

pvc2
fvm= 2rcd —

c 2
(2)

where r isthebodyradiusat anystationx fromthebow, Vc isthe
crossvelocity,p isthe

. ofa circularcylinderat
massder&ity,and
theReynoldsnumber

c% isthedragcoefficient

andtheMachnumber

2rVc
Rc=—

v (3)

v
Mc=& (4)

where,inaddition,v isthekinematicviscosity,and a isthespeed

,.
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of soundintheundisturbedstream.

Sincethecrossvelocity *

v~”= V. sina (5)

it followsthattheviscouscrossforcebecomes

fv ‘ 2rc% ~ sti2~ (6)
m .—

where q isthedynamicpressure.Thecrosswag Coefficientcdc iS
thatofa circularcylinderat thecrossReynoldsnumber

2rVo
Rc=— sinu = R. sina

v
(7)

.

andthecrossMachnumber

Mc = M. sins (8)
.

where ~ istheMachnumberof.thefreestream. .—

It islmown(seeappendix)thatthedragcoefficientofa c~c~ar
cylinderoffinitelengthislessthanthatfora cylinderof infinite

._

length.A similarcharacteristicistobe expectedasregardstheviscous
crossforcefora bodyoffinitelengthinobliquefltisothatthevis–

,.=

couscrossforcewillbe lessthanthatgivenbyequation(6). It is
almostcertainthatthelargestportionofthedragreductiondueto -.

finitelengthoccursat theendsofthecylinder.Itwillbe assumed,
however,thatthereductionindragforfinenessratioisthesamefor
eachelementofa bodyoffinitelengthsothatinthatcasetheviscous
crossforcebecomes.

fv = 2qrc~ q sin2a (9)

where q istheratioofcrossdragcoefficientforthebodyoffinite
finenessratiotothatfora bodyof infinitefinenessratio.

Theintegratedviscouscrossforceisthen

where Z isthebody

In determination

length.

oftheliftanddragcharacteristicsatangleof
attack,itshouldbe notedthattherealsoexistsa viscousaxialforce

.,

.-

“
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whichisapproximatelythetotaldragat zeroanglereducedby thereduc—
tioninaxialdynamicpressure.Theviscousaxialforceisthen

cDa~ q A COS2a (lo)

where cDa~ isthedragcoefficientat zeroangleand A isthearea
uponwhichthiscoefficientisbased.

It isnowassumedthatthepotentialsolutionofMunkandtheviscous
solutionmaybe combinedtodeterminethecross<orcedistributionalong
thebaiyandtheintegratedforcesandmomentonthebdy. Thepotential
crossforceperunitlengthactsat anangle a/2 fromthenormaltothe
free~treamdirection,whiletheviscousforceactsnormalto theaxisof
revolutionofthebodysothatthedistributionof crossforceinterms
ofthedynamicpressureisgiven,fromequations(1)and (9),by

f fp a f.=— COS—+J
qq 2q

or

~= (ka–k=)~sin2a cos~+ 2qrc% sin2a (11)

Theliftcoefficientintermsofthereferencesrea A isgivenby

where L isthetotallift.
theviscouscrossforce,and

(kZ-k=)sin2a cos
CL =

Considerationofthepotentialcrossforce,
theviscousaxialforcethenyields

A Jo dx

c%+ Cos 2asina

Thedragcoefficientisobtainedfrom

cD=.&

where D isthetotaldrag,or

A J rcd dx-
c

o

(12) !

thecrossandaxialforcesas
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(kz-kl)sin2a sin$ ‘~ ~ + 2q sin3a Z

f I
rcdcdx+ ~a_O COS3a

A Od.x
.-

A 0 ..—

The
the

momenbcoefficientabouta givenstation~ isdependentsolely
cross-forcedistributionandisgivenby

cM=J& .-

2? sin2a 2 ‘
+

f
rcdc(~-x)h ., ~

Ax ,:
0

(14) ‘

whereX isa characteristiclengthfortheevaluationofmomentcoeffi–
cient.

Themethodofthepresentreportisclearlytooapproximateto justify
.

theimpliedaccuracyoftheprecedihgequations._.It isconsidered.that,. -
in.general,thefollowingsimplificationsarewprranted: .—

1. Cosinesofanglesshouldhereplacedby unityandsinesofangles
—-

by theangles. .-

2. Thefactork2-kl shouldbe replaced_byunity. ..

3. The viscous =ial force(third)termofequation(12)maybe
neglected,whilethecorrespondingterminequation(13)maybe replaced
by CDGO*

.

Moreoverthepotentialtermintegralsmaybe evaluatedas’ —

—
—.

—

and

JzQ (Xm–X) d-x = Vol- Sb(v–xd
.-

0 ax

where Sb istheareaofthebodybaseandvolisthebodyvolume.

,Theviscouscross-forcetermintegralsmayalsobe evaluatedas .

—
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and

.

f

-L
r(xrx)dx= ~Ap(~-xp)

where~ istheplan-;ormareaana
fromthebow.

~ isthedistanceto itscentroid

Withtheindicatedchangesequations(11)“to(14)become.respec-. . . . 4

$ively(withu inradians)~ “

.

.

(9=2+~cd.?f)a’-.-.—

(W)

(12a)

(1*)

8 and

[

Tol
CM=2 -:(’-%)l~+wc%m%)~“k)

To determinetheforceandmomentcharacteristicsitisnecessaryto
evaluatethe,coefficientsq and Cdc. In theappendix,availabledata
andsomediscussionofthecoefficientsaregiven.

ComparisonofTheoryandExperiment

Testswererecentlycompletedat theAmesAeronauticalLaboratory
ofthehigh-fineness-ratiobtiyshowninfigure7. Thetestswerecon-
ductedinthesubscmicspeedrangeinthe12-footpressuretunnel(refer–
ence9),andinthesupersonicspeedrangeinthe6-by 6-footwindtunnel
(asyetunreported).Thetestresultsaffordeda goodopportunityto
comparethetheoryofthisreportwithexperiment.

InnoneofthetestsdidthecrossMachnumber(givenby equation
(8)) exceed0.3sotkt, asMy be seen from theappendix,no sensible
compressibilityeffectexists,whilethecrossReynoldsnumberremained
intherangefOrwhich cdc isconstantandequalto 1.2. Thecoeffi–
cientq wasassumedtobe dictatedby theactualfinenessratio
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forwhich

7 = 0.68

withthesevaluesandthegecznetricpar~etersob~inedfromthe _
shapeequation(seefig.7)theequationsforliftcoefficient,drag–
coefficientincrement,andmomentcoefficientmaybe determinedfrom
equations(12a)to (lb) as (withu indegrees)

CL. L = 0.019 u + 0.0025 ~2
qA

&Da=o~D.— = 0.00017U* + 0.000043as
qA

MCM.— = 0.018a+ 0.00035a2
C@z

-.
—.

where A and 1 arethemaximumcross-sectionalareaandtheactual
bodylength,respectively,andthepitchi~momentisabouta Point

% = 0.704 z

whichisthepointaboutwhichthemomentswereconsideredintheexperl–
mentalInvestigationofreference9. Thecalculatedcharacteristicsof
lift,dragincrement,andpitchingmomentareccmparedwiththeexperi-
mentalvaluesinfigure8. It isseenthatthetheoryofthisreport
wellpredictstheliftanddragvariationwithangleofattack.The
magnitudeoftheexperimentalvaluesofthepi.tchi~momentareIwerj
however,thanthetheoryofthisreportwouldpredict.

DISCUSSIONANDCONCLUDINGREMARKS

It isevident-fromequations(12a)and(lb) thatthevariationof
liftandpitchingmomentofa bodyofrevolutionwithangleofattack
must,inthegeneralcase,be nonlinearsincethepotentialcrossforces
dueto thechangeofmomentumofthefluidvariesas thefirstpowerin
a whiletheviscouscrossforcevariesas thesecondpoweroftheangle
ofattack.Thisisa particularlyimportantaspectinthedesignofmis-
silessincetheguidanceandcontrolproblemw$.11beaffectedifnonlinear
characteristicsexist.It isofinteresttonotefromequation(l&) that
thepitching+mmentvariationaboutthecenterofgravityforconstant
cross-forcedragcoefficientwillbe linearifthecenterofgravityis
locatedat thecentroidoftheplan-formarea.‘-

——
-.

.

.- .—

—.

“-

.—

.

—
.+
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Frcmthetheoryofthisreport,itappearsyossibletomakethe
pitching+aentvariationaboutthecenterofgravityofthebcuiyzeroin
onespecialcase.Thisisthecaseofthebodyforwhich

thatis,a conicalbody

rxx

ifthecenterofgravityisat thecentroidofthecrossarea.

Severalotherimportantexpectationsmaybe impliedfromthetheory
ofthisreport:First,sincethecrossReynoldsnumber,whichdetermines
thecross$dragcoefficient,varieswithangleofattack,it ispossible
forthecrossdragcoefficienttoratherabruptlychange(whenRc varies
withanglefrom2 X lCFto .5X 1P) withangleofattackwhichmightlead
torathererraticvariationsof theforcesandmomentswithangleofattack.
However,itistobe expectedthatthethree+limensionaleffectspreviously
mentionedwillreducetheindicatedabruptbehavior.It isalsotobe
notedthatwind-tunneltestsat lowerscaleswouldnotnecessarilyshow
thesepeculiarities.Second,forbodiesmovingat highspeedsthecross
Machnumberwillincreasefromsubsonicto supersmicvaluesas theangle
ofattackisincreasedandthecrossdragcoefficientmayvaryinan
erraticmanner.Thisvariationmayagainleadto correspondingvariation
intheforcesandmomentwithangleofattack.Thusitisclearthat .
modeltestsofhigh-peedmissilesshouldbe performedoverthewhole
speedrangeexpectedfortheconfigurationifthemodeltestsaretobe
indicativeofthetruebehavior.However,thefactthatcrossReynolds
numberas indicatedin theappendixisnotimportantatMachnumbersabove
0.5indicatesthatwind-tunneltestsonsmall~calemodelsat highsuper-
sonicspeedsshouldaccuratelypredictthebehaviorofthefull-scale
configurationsat andabovetheangleofattackforwhichthecrossMach
numberexceeds0.5.

AmesAeronauticalLaboratory,
NationalAdtisoryCommitteeforAeronautics,

MoffettField,Calif.

APmNmX

Thesectiondragcoefficientsof circularcylindershavebeen deter–
minedfora widerangeofMachandReynoldsnumbersby A nuniberofexperi—
reenters.A fairlycomprehensivediscussionofthedragphenmnenaof cir-
cularcylindersisgiveninreference10.
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In figure9 is shownthedragcoefficientCdc asa functionof
Machnumberforcircularcylindersofdifferentsizes(correspondingto
differentRejnoldsnuuibers).ThesevalueswereobtainedbyW. F.Lindsey
(reference11),,JohnStack(reference12),T.E. Stanton(reference13),
andA. Busemann(reference14),aswellas fromsomeunpublishedtests
performed‘intheAmesl-by 3–1/2-foothigh-peedwindtunnel.=Itwill
be seenthatReynoldsnumberappearsof significanceonlyat lowMach
numbers,sothatforvaluesofcrossMachnumberhigherthan0.5the
curveoffigure9 maybe expectedtoapplyforallReynoldsnumbers
higherthanabout102. ThevariationofthedragcoefficientCdc with
Reynoldsnumberisshowninfigure10alongwithsomeofthehighsub-
sonicdragcharacteristicsshowninfigure9 andwiththecfivesofM.F;
Relf(reference15) andC.Wieselsberger(reference16). Betweenfigurbs
9 and10,thedragcharacteristicsofcircularcylindersas a functi~of
ReynoldsandMachnumberarefairlycompletelyestablished.

Thepositionisnot-sofortunatewithregardto ~, theratioofthe
dragcoefficientofcircularcylinderoffinitelengthtothatofa cir–”
cularcylinderofinfinitelength,inthatthisratio,tothea,uthorts
knowledge,hasonlybeendeterminedat oneReynoldsnumber(88,000)and
at a negligiblylowMachnumber(reference10). Theseresultsaregiven’
in figure11andcorrespondto theReynoldsnumberrangeforwhich1.2is
thedragcoefficient-ofthecylinderof Infinitelength.

To obtaina roughestimateofthevalueof q at otherReyuoldsand
Machnunibers,thefollowingconjectureisgiven.Theend-relievingeffect
fora’cylinderoffinitelengthmustbe primarilyconveyedto othersee-- ‘-
tionsthroughthelow-velocityregionsintheyake.Evidentlytheratio
ofthespanwiselengthofthewaketothewakethicbesswouldbe therat~o”
whichshoulddetermineq. Thespanwiselengthofthewakewillhe approxi-
matelythelengthofthecylinder,whilethewakethicknesswillbe nearly
proportionalto theprcductofthecyllnderdiameterandthedragcoeffi-
cient.Itappears,then,thatthevalueof q atReynoldsandMachnumbers
forwhich Cdc isnot1.2wouldbe thevalueof q (fromfig.11)foran
effectivecylinderlength-to~iameterratioequaltotheprciluctofthe
actuallength-to-diameterratioandtheratioofthedragcoefficient1.2
to thesectiondragcoefficientat theReynoldsandMachnumberinthecase
considered.

2
Thel-by 3-1/2-foottunnelvalues(mainlyusefulindefiningthetrend
at highsubsonicvalues)wereobtainedusinga rakeofunshieldedtotal-
headtubeandindicateddragcoefficientsabout15percenthigherthan
thoseobtainedby others.It isbelievedthatthiseffectwasdueto
excessiveangularityoftheflowat therakewhichwouldindicateincor-
rectlyhighvalues. The valueshavebeenproportionatelyreilucalto
agreewithLindseygsvaluesandthisproportionatereductionhasbeen
appliedat allotherMachnumbers.

.,

--—--.s.. . ...,
.“

.
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It shouldnotbe consideredthat,becausethesectiondragcoeffi-
cientshavebeengivenforsupersonicMachnumbers,theequationsdevel–
opedinthereportareapplicableat supersoniccrossMachnumbers.The
potentialsolutionofMunkisderivedontheassumptionofan incompress–
ibleflow.Thismomentumsolution,however,shouldbe reasonablyaccurate
up to crossMch numbersoftheorderof0.4. Lighthill(reference17)
hastreatedtheproblemoftheinviscidcrossforceonbcdiesforthecase
inwhichthecrossWch numberisnotnecessarilysmall.Thesolution
obtainedIsgiveninincreasingpowersoftheangleofattack.Lighthill~s
solution,althoughnumericallycomplex,mayservetoreplacetheinviscid
portionsoftheequationsofthisreport.
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Figure 1.- Schemo#ic diagram of the potential cross-force distribution on a body of

revolution.
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Circular cylinder Iengfh-to-diarneter ratio

Figure II. - Ratio of the drag coefficient of a circular cylinder of finite length b that of a cylinder of

infinite Iengfh, ~, as o function of the length-to-diameter ratio. (i =88,000)


